A method to evaluate the particle-phonon coupling (PC) corrections to the single-particle energies in semi-magic nuclei, based on the direct solution of the Dyson equation with PC corrected mass operator, is presented. It is used for finding the odd-even mass difference between even Pb and Sn isotopes and their odd-proton neighbors. The Fayans energy density functional (EDF) DF3-a is used which gives rather highly accurate predictions for these mass differences already at the meanfield level. In the case of the lead chain, account for the PC corrections induced by the low-laying phonons 2 + 1 and 3 − 1 makes agreement of the theory with the experimental data significantly better. For the tin chain, the situation is not so definite. In this case, the PC corrections make agreement better in the case of the addition mode but they spoil the agreement for the removal mode. We discuss the reason of such a discrepancy.
There are several reasons, why the magic nuclei were chosen as a polygon for studying the PC corrections to SP levels. First, the experimental SP levels are known in detail only for magic nuclei [10] . Second, these nuclei are non-superfluid, which makes the formulas for the PC correction δΣ PC to the mass operator much simpler than their analogue in the superfluid case [8] . At last, in these nuclei, the PC strength is rather week and the perturbation theory in g 2 L is valid, g L being the creation vertex of the L-phonon. Moreover, the perturbation theory in δΣ PC can be used for solving the Dyson equation with the mass operator Σ PC (ε)=Σ 0 +δΣ PC (ε).
Another situation occurs often in semi-magic nuclei [11] , due to a strong mixture of some SP states |λ with those possessing the structure of (|λ + L-phonon). For such cases a method was used in [11] based on the direct solution of the Dyson equation with the mass operator Σ PC (ε). Such a method was developed by Ring and Werner in 1973 [12] . As result of such solution each SP state |λ splits to a set of |λ, i solutions with the SP strength distribution factors S i λ . An approximate expression for the non-pole term of δΣ PC was used in [11] , just as in [5] , which is valid for heavy nuclei.
A method was proposed, how to express the average SP energy ε λ and the average Z λ factor in terms of ε i λ and S i λ . It is similar to the one used usually for finding the corresponding experimental values [10] . Unfortunately, the experimental data in heavy non-magic nuclei considered in [11] are practically absent. However, there is a massive set of data which has a direct relevance to the solutions ε i λ under discussion, namely, the odd-even mass differences, that is the "chemical potentials" in terms of the TFFS [13] . This quantity was analyzed in in a brief letter [14] for the lead chain. In this article, we present a detailed analysis of these results and carry out the analogous calculations for the tin chain. 
II. DIRECT SOLUTION OF THE DYSON EQUATION WITH PC CORRECTED MASS OPERATOR
In this article, just as in Refs. [5, 11, 14] , we use the self-consistent basis generated with the energy density functional (EDF) by Fayans [15] [16] [17] :
which depends on the equal footing on the normal density ρ and the anomalous one ν. Note, that from the very beginning Fayans with the coauthors supposed that the parameters of the EDF should be chosen in such a way that they take into account various PC corrections on average.
To find the SP energies with account for the PC effects, we solve the following equation:
where H 0 is the quasiparticle Hamiltonian with the spectrum ε
λ and δΣ PC is the PC correction to the quasiparticle mass operator. This is equivalent to the Dyson equation for the one-particle Green function G with the mass operator Σ(ε) = Σ 0 + δΣ PC (ε). For brevity, we present below explicit formulas for one L-phonon. In the case when several L-phonons are taken into account, the total PC variation of the mass operator in Eq. (2) is the sum over all phonons:
The corresponding diagrams for the PC correction δΣ PC L to the mass operator Σ 0 , in the representation of the SP states |λ , are displayed in Fig. 1 . The first one is the usual pole diagram, with obvious notation, whereas the second one represents the sum of all non-pole diagrams of the order g In magic nuclei, the vertex g L in Fig. 1 obeys the RPA-like TFFS equation [13] 
where A(ω) = G (ε + ω/2) G (ε − ω/2) dε/(2πi) is the particle-hole propagator and F is the Landau-Migdal (LM) interaction amplitude.
The expression for the pole term in magic nuclei is well known [1, 2, 5] , but we present it here for completeness. In obvious symbolic notation, the pole diagram corresponds to δΣ
where ω L is the L-phonon excitation energy. Explicitly, one obtains
where n λ = (0, 1) stands for the occupation numbers.
As to the non-pole term, we follow to the method developed by Khodel [7] , see also [6] . The second, non-pole, term in Fig. 1 is
where δ L g L can be found by variation of Eq. (4) in the field of the L-phonon:
All the low-lying phonons we deal with are of surface nature, the surface peak dominating in their creation amplitude:
The first term in this expression is surface peaked, whereas the in-volume addendum χ L (r) is rather small. It is illustrated in Fig. 2 for the 2 + 1 and 3 − 1 states in 204 Pb. If one neglects this in-volume term χ L , very simple expression for the non-pole term can be obtained [6] :
Just as in [5, 11] , below we will neglect the in-volume term in (9) and use Eq. (10) for the non-pole term of δΣ
All the low-lying phonons we consider have natural parity. In this case, the vertex g L possesses even T -parity. It is a sum of two components with spins S = 0 and S = 1, respectively,
where T JLS stand for the usual spin-angular tensor operators [19] . The operators T LL0 and T LL1 have opposite T -parities, hence the spin component should be the odd function of the excitation energy, g L1 ∝ ω L . In all the cases we consider the component g L1 is negligible and the component g L0 only will be retained, the index '0' being for brevity omitted: g L0 → g L .
As it was discussed in the introduction, any semi-magic nucleus consists of two sub-systems with absolutely different properties, the normal and superfluid ones. Following to [11] , we consider the SP spectra only of the normal subsystem, e.g. the proton spectra for the lead isotopes. In this case, all the above formulas remain valid with one exception. Now the vertex g L (r) obeys the QRPA-like TFFS equation [13] ,
where all the terms are matrices. The angular momentum projection M , which is written down in Eq. (6) explicitly, is here and below for brevity omitted. In the standard TFFS notation, we have:
In (13),
is the normal component of the vertexĝ, whereas g (1), (2) are two anomalous ones. In Eq. (14), F is the usual LM interaction amplitude which is the second variation derivative of the EDF E[ρ, ν] over the normal density ρ . The effective pairing interaction F ξ is the second derivative of the EDF over the anomalous density ν. At last, the amplitude F ξω stands for the mixed derivative of E over ρ and ν.
The matrixÂ consists of 3 × 3 integrals over ε of the products of different combinations of the Green function G(ε) and two Gor'kov functions F (1) (ε) and F (2) (ε) [13] . As we need the proton vertexĝ p L and the proton subsystem is normal, only the normal vertex g (0)p L is non-zero in this case. This is the meaning of the abbreviated notation g L in (6) and below.
For solving the above equations, we use the selfconsistent basis generated by the version DF3-a [18] of the Fayans EDF DF3 [16, 17] . The nuclear mean-field potential U (r) is the first derivative of E in (1) over ρ.
In magic nuclei [5] , the perturbation theory in δΣ PC with respect to H 0 can be used to solve this equation:
where Another situation is typical for semi-magic nuclei, where small denominators ε
2 ± ω L can appear in Eq. (6) . We demonstrate in Table I (15), by the total Z-factor in the last column.
The most dangerous denominator is now
MeV. The state 2d 3/2 is an obvious victim of the use of a non-adequate perturbation theory in this case. Indeed, the inequality 1−Z PC λ << 1 is a necessary condition for applicability of the perturbation theory. For the 2d 3/2 state, we have the value of 0.95 for the left hand side of this inequality, which is almost equal to unit. In the table, there are other examples of poor applicability of the perturbation theory, but they are not so demonstrative.
For such cases, a method based on the direct solution of the Dyson equation (2) was developed in [11] . We describe it with the example of the same nucleus 204 Pb which was considered above to demonstrate the non-applicability of the perturbation theory. The model was suggested based on the fact that the PC corrections TABLE I: PC corrected proton SP energies ε λ and Z-factors of 204 Pb nucleus found from the perturbation theory prescription (15) and (16) . are important only for the SP levels nearby the Fermi surface. A model space S 0 was considered including two shells close to it, i.e. one hole and one particle shells.
To avoid any misunderstanding, we stress that this restriction concerns only Eq. (2). In Eq. (6) for δΣ pole ,
we use rather wide SP space with energies ε
λ <40 MeV. The space S 0 involves 5 hole states (1g 7/2 , 2d 5/2 , 1h 11/2 , 2d 3/2 , 3s 1/2 ) and four particle ones (1g 9/2 , 2f 7/2 , 1i 13/2 , 2f 5/2 ). We see that there is here only one state for each (l, j) value. Therefore, we need only diagonal elements δΣ pole λλ in (6), which simplifies very much the solution of the Dyson equation. As a consequence, Eq. (2) reduces as follows:
The non-pole term does not depend on the energy, therefore only poles of Eq. (6) are the singular points of Eq. (17). They can be readily found from (6) in terms of ε (0) λ and ω L . It can be easily seen that the l.h.s of Eq. (17) always changes sign between any couple of neighboring poles, and the corresponding solution ε i λ can be found with usual methods. In this notation, λ is just the index for the initial single-particle state from which the state |λ, i originated. The latter is a mixture of a single-particle state with several particle-phonon states. The corresponding single-particle strength distribution factors (S-factors) can be found similar to (16) :
Evidently, they should obey the normalization rule:
The accuracy of fulfillment of this relation is a measure of validity of the model space S 0 we use to solve the problem under consideration. A set of solutions for four |λ, i states in the 204 Pb nucleus is presented in Table II . The corresponding Sfactors are displayed in Fig. 3 . In three upper cases for a given λ there is a state |λ, i 0 with dominating λ value (≃0.8). They are examples of "good" singleparticle states. In such cases, the following prescription looks natural for the PC corrected single-particle characteristics:
These are the analogous to Eqs. (15) and (16) in the perturbative solution. (20) or (21) and (22) . The total correction to the SPE δε The lowest panel in Fig. 3 represents a case of a strong spread where there are two or more numbers i with comparable values of the spectroscopic factors S i λ . For such cases, the following generalization of Eq. (20) was suggested in [11] :
where
The average SP energies and the Z-factors found according to the above prescriptions are presented in Table  III .
Comparison of Table III with the perturbation theory  Table I shows limited common features. In particular, the state 2d 3/2 is now absolutely "healed" with a big value of the Z-factor and a small shift of the PC corrected energy from the initial value.
III. PC CORRECTIONS TO THE ODD-EVEN MASS DIFFERENCES OF SEMI-MAGIC NUCLEI
As it was discussed in Introduction, in heavy semimagic nuclei the experimental data on the SP energies are practically absent, but there is another kind of observables, the odd-even mass differences, which has a direct relevance to the set of the solutions ε i λ of the Dyson equation in the form (17) . In terms of the (TFFS) [13] they are named "chemical potentials":
where B(Z, N ) is the binding energy of the corresponding nucleus. Evidently, they are equal to one nucleon separation energies S n,p [19] taken with the opposite sign. For example, we have µ 
with obvious notation. The isotopic index τ = (n, p) in (27) is for brevity omitted. In both the sums, the summation is carried out for the exact states |s of nuclei with one added or removed nucleon. Explicitly, if |0 is the ground state of the even-even (Z, N ) nucleus, the states |s in the first sum correspond to the (Z, N +1) one for τ = n and (Z + 1, N ) for τ = p. Correspondingly, in the second sum they are (Z, N −1) for τ = n and (Z-1,N ) for τ = p. If |s is a ground state of the corresponding odd nucleus, the corresponding pole in (27) coincides with one the chemical potentials (23) - (26) . At the mean field level, they can be attributed to the SP energies ε λ with zero excitation energy, whereas with account for the PC corrections they should coincide with the corresponding energies ε i λ . In the sets of solutions for four |λ, i states in 204 Pb presented in Table II , they originate from the first hole and the first particle states in the model space S 0 . In this case, our prescription for the odd-even mass differences, in accordance with the Lehmann expansion (27) , is as follows:
A. The lead chain
In this subsection, we consider the chain of even lead isotopes, 180−214 Pb, with account of the two low-lying phonons, 2 Table  IV . Comparison with existing experimental data [25] is given. We present only 3 decimal signs of the latter to avoid a cumbersomeness of the table. On the whole, the ω L values agree with the data sufficiently well. In more detail, for the interval of 194−200 Pb, the theoretical excitation energies of the 2 + -states are visibly smaller than the experimental ones. This is a signal of the fact that our calculations may overestimate the collectivity of these states and, correspondingly, the PC effect in these nuclei. The opposite situation is present for the lightest Pb isotopes, A<190, where we, evidently, underestimate the PC effect. The α L value defines the amplitude, directly in fm, of the surface L-vibration in the nucleus under consideration. We see that in the most cases both the phonons we consider are strongly collective, with α L ≃0.3 fm. At small values of ω L , the vibration amplitude behaves as α L ∼1/ω L [6, 26] . Both the PC corrections to the SP energy, pole and non-pole, are proportional to α 2 L . The ghost state 1 − is also taken into account, although the corresponding correction for nuclei under consideration is very small, see [11] , because it depends on the mass number as 1/A, A=N +Z.
The µ + values, similar to that of (28) for all the chain under consideration, are given in Table V. In the last line, the average deviation is given of the theoretical predictions from existing experimental data:
where N exp =16. For comparison, we calculated the corresponding value for the "champion" Skyrme EDF HFB-17 [20] using the [15, 17] to develop an EDF without PC corrections. However, account for the PC corrections due to two low-laying collective phonons makes agreement with the data significantly better. In this case, the phonon 2 + plays the main role, and additional improvement of the agreement due to the phonon 3 − is not essential. Let us go to the µ − values similar to that of (29). For all the lead chain, from 180 Pb till 214 Pb, they are given in Table VI . Again the last line contains the average deviation of the theoretical predictions from the experimental data found from the relation similar to (30) with the change of µ + → µ − , and N exp =18. In this case, the average of the HFB-17 EDF predictions δµ − rms (HFB-17)=0.253 MeV is better than that of the DF3-a one, but again the account of the PC corrections permits to surpass the accuracy of HFB-17. A relative role of the two phonons under consideration is now different from that in the case of µ + , Table V. In the case of µ − , addition of the corrections due to the 2 + 1 phonon alone spoils the agreement a bit, but inclusion of both the phonons makes the agreement perfect. This confirms the statement made in the Introduction about a delicate status of the problem under consideration.
In conclusion of this subsection, we present the overall average deviation of the theoretical predictions from the experimental data, summed over both the µ + and µ − values, N exp =16+18= 34. In this case, on the mean-field level, the average accuracy of the predictions for the mass differences of the Fayans EDF δµ rms (DF3−a)=0.389 MeV is worse than that (0.333 MeV) for the Skyrme EDF HFB-17, but only a bit. Account for the PC corrections due to the low-laying phonons 2 
B. The tin chain
Let us consider now the Sn chain, from 106 Sn till 132 Sn. To begin with, we consider validity of the perturbation theory recipe (15) for the nucleus 118 Sn, which is in the middle of the chain. Table VII is completely similar to  Table I for the nucleus 204 Pb. As it is clear from the discussion of Table I , the Z PC factors contain the main information on the applicability of the perturbation theory for solving Eq. (2). Table VII contains We see that, just as for the nucleus 204 Pb, Table I , there is a case of a catastrophic behavior with the Zfactor close to zero, and again this is the state 2d 3/2 . From the above consideration for the lead chain, it is clear that for finding the µ + and µ − values we are interested mainly on the first particle and first hole states 2d 5/2 and 1g 9/2 , correspondingly. Six states in Table VII TABLE VII: PC corrected proton SP energies ε λ and Z-factors of 118 Sn nucleus found from the perturbation theory prescription (15) and (16) . create the model space S 0 in this case. In contrast to the lead case, where particle and hole states have mainly opposite parities, now all the members of S 0 are of positive parity, with the only exception of the state 1h 11/2 which is rather distant and plays no important role in the PC corrections. This occurs because of a unique feature of the 1g 9/2 level which alone is, in fact, a separate shell being an "intruder state" from the upper shell. Usually, an intruder state occurs among the states of the previous shell of states with opposite parity, the 1f − 2p shell in this case. However, the latter is rather distant from the 1g 9/2 level, and the inclusion of the 1f − 2p shell into S 0 does not practically changes the PC effects we analyze. Such a peculiar position of the hole shell consisted from the single 1g 9/2 state leads to another peculiarity of the PC corrections in this state. Usually, the pole correction δΣ pole λλ , see other states in this table and the Table I for 204 Pb, is rather big and negative, whereas the non-pole one is always positive but smaller than the pole correction in absolute value, so that the total PC correction remains to be negative. In this case the sign of the pole term is positive! Why it happens can be easily seen from Eq. (6) . Indeed, all close states of the positive parity which are coupled with the 2 + phonon, are now on the other side of the Fermi level, the second term of this expression, which explains the positive sign of δΣ pole λλ . As a consequence, the total PC correction to this SP level becomes positive.
Another conclusion, which can be made from the analysis of Table VII, is the main role of the 2 + 1 phonon for PC corrections of the tin nuclei. Indeed, the influence of a L-phonon can be estimated from the value of the difference of 1−Z PC L . We see, that for all the states except 1h 11/2 , the role of the 3 − 1 phonon is rather moderate. Therefore, we shall find the odd-even mass differences µ + and µ − for all the tin chain with account only of the 2 phonon which are used in the above calculation scheme. The excitation energies ω 2 are in reasonable agreement with experimental data. As in the lead chain, we begin from the µ + values.
In the last line, just as in Tables V and VI, the average deviation is shown of the theoretical predictions from the experimental data, found from Eq. (30). As for the Pb chain, we compare the average accuracy of our calculations with those of the Skyrme EDF HFB-17. In this case we have δµ + rms (HFB − 17)=0.346 MeV, which is significantly better than the mean field prediction of the Fayans EDF DF3-a. However, the account for the PC corrections makes the agreement for the latter significantly better, even better than that of the HFB-17 EDF. Let us go to the µ − values which correspond to removing of a particle from an even Sn nucleus, i.e. to adding a hole to the state 1g 9/2 , see Table X . The above discussion of Table VII indicates that one could expect something wrong in this case. And a bad event does occur: the PC corrections spoil the agreement with the data, and significantly. This is especially disturbing as in this case the mean-field predictions of the DF3-a EDF are rather good, on average better than those of the HFB-17 EDF. Indeed, in this case the corresponding value of δµ − rms (HFB-17)=0.484 is significantly worse than the DF3-a value.
Our failure in the case of 1g 9/2 holes confirms the above remarks that inclusion of the PC corrections from the low-lying phonons to the mean field observable values found for the EDFs which contain the phenomenological parameters involving such contributions on average is rather delicate procedure. In this case, there is a special reason why it occurs, as far as this intruder state alone generates a shell separated with the Fermi level from the particle shell of states of the same parity. Such a situation is essentially different from the "normal" one when two shells adjacent to the Fermi level, the particle and hole ones, contain mainly the states of opposite parities.
IV. CONCLUSION
In this article, a method, developed recently [11] to find the PC corrections to the SP energies of semi-magic nuclei is used for finding the odd-even mass difference between the even members of a semi-magic chain and their odd-proton neighbors. In terms of TFFS [13] , these differences are the chemical potentials µ + or µ − for the addition or removal mode, correspondingly. The method of [11] is based on the direct solution of the Dyson equation with the PC corrected mass operator Σ PC (ε)=Σ 0 +δΣ PC (ε). The Fayans EDF DF3-a [18] is used for finding the initial µ ± values and for calculating the corresponding PC corrections. This is a small modification of the original Fayans EDF DF3 [16, 17] , the spin-orbit and effective tensor parameters being changed only. It should be stressed that, from the very beginning [15] [16] [17] , the Fayans EDF was constructed in such a way that it should take into account all the PC effects on average. And, indeed, the DF3-a EDF turned out to be rather accurate in predicting the µ ± values on the mean field level. We compare our results with predictions of the Skyrme EDF HFB-17 [20] fitted to nuclear masses with highest accuracy among the self-consistent calculations. We analyzed four sets of data, µ + and µ − values in the Pb and Sn Table XI contains the values of the average deviation of the theoretical predictions from the data for two EDFs, HFB-17 and DF3-a at the mean-field level and for the DF3-a EDF with phonon corrections. We see that in two cases, the removal mode in Pb and the addition one in Sn, the EDF HFB-17 exceeds DF3-a in accuracy, but PC corrections to DF3-a make the agreement better compared to the HFB-17 EDF. In the two other cases, the addition mode in Pb and the removal one in Sn, the mean field predictions of the EDF DF3-a turned out to be more accurate than those of HFB-17. For the addition mode in Pb chain PC corrections make the accuracy of DF3-a even better, but for the one in Sn chain a failure occurs: PC corrections spoil the agreement, and significantly.The reason is discussed in detail in the previous Section, but, in short, it is connected with a peculiar feature of the 1g 9/2 state which alone represents a separate shell. We think that such cases of "bad" behavior of the PC corrections will be seldom, but this case demonstrates, that it is not clear a priory if the PC corrections will improve agreement with experiment or not. This agrees qualitatively with the analysis of [3] where it was found that the possibility of improvement of the mean-field description of the SP energies with account for the PC corrections depends significantly on the kind of the EDF used in these calculations.
